Cellular Automata and Discrete Physics^1

David Hiebeler^2

Santa Fe Institute 1399 Hyde Park Road Santa Fe, NM 87501, USA

Robert Tatar

Automatrix, Inc.

P.O. Box 196, Rexford, NY 12148

July 25, 1990

1Presented at the 1990 Winter School on Nonlinear Physics, San Jose, CA. 2E-Mail Address: hiebeler@santafe.edu

Contents

14 Cellular Automata and Discrete Physics 1 14.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 14.1.1 A Well-Known Example: Life . . . . . . . . . . . . . 3 14.1.2 Cellular Automata . . . . . . . . . . . . . . . . . . . 4 14.1.3 The Information Mechanics Group . . . . . . . . . . 6 14.2 Physical Modeling . . . . . . . . . . . . . . . . . . . . . . . 6 14.2.1 CA Quasiparticles . . . . . . . . . . . . . . . . . . . 6 14.2.2 Physical Properties from CA Simulations . . . . . . 7 14.2.3 Diffusion . . . . . . . . . . . . . . . . . . . . . . . . 8 14.2.4 Sound waves . . . . . . . . . . . . . . . . . . . . . . 11 14.2.5 Optics . . . . . . . . . . . . . . . . . . . . . . . . . . 12 14.2.6 Chemical Reactions . . . . . . . . . . . . . . . . . . 14 14.3 Hardware . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 14.4 Current Sources of Literature . . . . . . . . . . . . . . . . . 16 14.5 An Outstanding Problem in CA Simulations . . . . . . . . . 17 14.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

i ii

Chapter 14

Cellular Automata and Discrete Physics

This paper provides an introduction to cellular automata (CA). The concept of CA is reviewed with emphasis on its properties which make it attractive for physical modeling. This leads to a brief discussion of cellular automata machines (CAMs) which can perform real-time simulations. Applications of CA and CAMs are discussed including some recent results in simulating wave propagation.

14.1 Introduction

An automaton is a simple computer which has a finite number of internal states (discrete values). Through a specific function, or “rule”, the internal state of the automaton depends on one or more inputs. In the simplest case, the “output” of the automaton consists of an integer representing the internal state. For the present discussion, we will call such a simple automaton a “cell”.

A cellular automaton consists of a regular lattice (array) of identical cells (discrete space). As an imaginary clock ticks (discrete time), every cell is simultaneously updated according to a rule which receives as input the state of the cell, as well as the states of some of its closest neighbors. (See Figure 14.1.)

Lately, there is much interest in using cellular automata to model physical systems. Part of the reason for this is that cellular automata provide representations of physical systems which are different from traditional ones. This new perspective often provides additional insights into the behavior of

------------------------- Fig. 1 -------------------------

Figure 14.1: A two-dimensional, rectangular array of cells. The dashed line identifies the set of cells which define the “MOORE” neighborhood for the center cell. This neighborhood is also called a “3 x 3” neighborhood.

the system under study. CA can also provide a more “direct” representation which explicitly embodies many of the physical properties of space, such as locality of interactions, finite speed of information propagation (finite speed of light) and relativity. Many practitioners also point out that the CA’s “restriction” to a finite amount of information per cell (i.e. information per unit volume) is also a reasonable assumption for space [1].

As abstract ideas, these properties may not be very exciting. It is very exciting, however, that CA models have been used to simulate physical processes, such as diffusion, diffusion-reactions, wave propagation, fluid flow, growth mechanisms, phase transitions on spin lattices, the evolution of nonequilibrium and thermodynamic systems, and other phenomena. Effective modeling of these processes creates the possibility of using CA simulations for complex engineering design, such as the blades of a high temperature turbine, a complex chemical reactor bed, or exotic lithographic processes for electronic device fabrication [2]. Some advocates claim that cellular automata models offer the promise of performing such simulations much faster and more accurately than conventional models.

Today, most CA practitioners use supercomputers such as Crays or Connection Machines because of their high speed. The intrinsic regularity of cellular automata, however, permits the construction of high-speed, lowcost hardware coprocessors called “cellular automata machines”. CAMs have excellent cost/performance characteristics for CA simulations. Examples of such hardware are RAP-1, LGM-1, CAM-6, and its newer cousin CAM-PC, and others [3, 4, 5, 6].

Cellular automata machines can also be used for animated, real-time visualizations of the process under study. Traditionally, many researchers observe their simulations with a short sequence of still images. It is much easier, however, to comprehend the temporal evolution of a simulation by using high-speed computation and display, which is provided by appropriately equipped supercomputers or a low-cost CAM. CA machines also allow the user to interactively experiment with different rules and boundary conditions.

Much larger and more expensive CA machines are already being designed and built [7, 8]. While cellular automata models are intellectually stimulating and even entertaining, it is the potential engineering applications that provide the primary justification for constructing large machines [9].

Before using CA models to simulate physical systems that have not yet been built, it is necessary to compare several critical CA simulations with laboratory experiments to gauge how well they approximate the systems under study. One of the most successful CA flow simulations to date was reported recently by the Lattice Gas group at Los Alamos. A flow simulation was performed using the digitized geometry of a thin slab of rock. The measured and simulated 2D flow permeability were found to agree within 5%, which is remarkable for any model. The Los Alamos group has challenged practitioners of more conventional methods to obtain equal or better results [10]. Work is in progress at Los Alamos to extend the simulation technique to three dimensions.

It is important to realize that cellular automata models, in general, and for physical systems, in particular, are really still in their infancy. It is possible, but not likely, that the empirical results described above are fortuitous. The work must be repeated several times elsewhere before it is accepted as solid scientific evidence. In addition, most large corporations already use conventional methods for process and structural engineering design simulations, however no one is yet using CA models for this purpose. Furthermore, the tools for using CA methods are rather primitive, whereas engineering tools that incorporate traditional methods have been evolving for decades. The many barriers to overcome before CA models effectively compete with traditional methods in applications are providing worthy challenges to the present generation of scientists.

The above discussion was intended to show the reason for interest in cellular automata and cellular automata machines by physicists, materials scientists and chemists, among others. In the remainder of the paper, we describe in more detail how CA and CAMs can be used.

14.1.1 A Well-Known Example: Life

To understand CA for physical simulations, it is helpful to have a concrete example in mind, which illustrates the relationship between the underlying lattice and the rule. The example we have chosen is John Conway’s “Life”, because of its simplicity and the fact that it is widely known.

Life is an example of a “two-state” cellular automaton on a two-dimensional rectangular lattice. Each cell becomes active or inactive (“alive” or “dead”, or takes values 1 or 0) based upon its current state and the number of active cells nearby. More specifically, each cell counts how many of its eight neighbors are alive. The new value of the cell depends on its current value and on the sum of active neighbors as follows:

• 0 or 1 neighbors alive: die from isolation

• 2 neighbors alive: stay as you currently are

• 3 neighbors alive: become alive, or stay alive (trisexual mating?)

• 4 or more neighbors alive: die from overpopulation

Because it is two-dimensional, we can think of the state of this CA as a binary image. Perhaps suprisingly, this simple rule can lead to very complex evolving patterns when the sequence of states are observed on a computer or CAM display. Since the rule is fixed, the behavior depends entirely on the initial pattern of living and dead cells in the array. Starting with a random initial configuration, the system usually appears “active” for some time and then eventually stabilizes into either a static or periodic pattern.

A great deal of effort went into studying all aspects of the Life rule, particularly during the 1970’s. See [11, 12, 13] for more in-depth discussions about Life.

The emergence of complex behavior from massive quantities of very simple components, as in Life, encouraged thinking about the possibility of modeling complex physical systems with more general cellular automata.

14.1.2 Cellular Automata

A cellular automaton as defined in the introduction is an abstract, mathematical object. There are precise, formal ways to define a cellular automaton, but for the present purpose, it is convenient to think of an array of “cells” with the following properties:

• discrete space: N-dimensional array of cells

• discrete states: finite # of bits at every cell

• discrete time: clock ticks away, everyone updates on each tick

• synchronous updating

• homogeneous rule: update rule is the same everywhere

• deterministic rule

• spatially local rule: only look at nearby cells

• temporally local rule: only current state (and maybe previous state) affects new state

Occasionally, a few of these properties are relaxed for particular simulations. For example, one might use a pseudo-non-deterministic update rule or a rule with continuous values. Such extensions to the basic notion of cellular automata are important but will not be discussed in this paper.

At first, cellular automata may seem very restricted because every parameter is discretized, and one might wonder how it is possible to have much variety. In fact, tremendous variation is possible, as the following argument suggests. Consider an n-state cell, which is updated according to the states of k neighbors (possibly including itself). There are n^k possible state combinations that a cell’s neighborhood may assume. For each possible combination, the cell may take on any of the n states. Thus, there are a total of n^{nk} rules. For the 3 x 3 neighborhood used in Life ( n = 2, k = 9 ), this number is 22^9, or approximately 10154. Running out of rules to try doesn’t seem to be an immediate concern. On the other hand, randomly trying different rules isn’t very constructive. Some way is needed to generate rules which do something interesting or useful.

The first comprehensive study to classify cellular automata was conducted by Stephen Wolfram [14]. In particular, Wolfram examined onedimensional, two-state CA with a “radius” of one, meaning the value of the current cell plus both of its immediate neighbors determine the new value for the cell (1-D, n=2, k=3). (With a radius of two, the new value would also depend on the next-nearest neighbors, and so on.) Since this class of CA has only 2^{23} = 256 rules, Wolfram classified the typical behavior of all of them, starting with various initial configurations. He showed that there are several distinct types of cellular automata which all have physical analogs. He also illustrated comprehensive approaches to analyzing the algebraic and statistical mechanical properties of cellular automata (mostly based on studies of 1-D systems).

Others have attempted to classify higher-dimensional automata. One of the more interesting approaches uses Chris Langton’s lambda parameter, a simple analogy of temperature, to describe the space of CA rules. Current results indicate that there is some kind of “phase transition” in the region of the rule space between rules which settle down to periodic behavior, and rules which exhibit chaotic behavior. At the transition between the two, the system will follow extremely long transients, which may be a sign of computational capacity [15, 16, 17].

Such studies provided more specific evidence for the belief that cellular automata could model various types of complex physical systems.

14.1.3 The Information Mechanics Group

While Wolfram and others emphasized the ensemble properties of cellular automata, several individuals focused on the “microscopic” properties. In particular, the Information Mechanics Group at MIT contributed a series of papers which discussed the characteristics that CA have in common with physical space-time:

• spatially local rule — there is no action at a distance

• there is a finite speed of information propagation –“speed of light”

• homogeneous rule — the laws of physics are the same, no matter where you are

• deterministic rule — rules are generally forward-deterministic; by making them backward-deterministic as well, it is possible to create microscopically reversible rules

Toffoli and Margolus of the Information Mechanics Group made the bold claim that these factors could allow construction of much more efficient computers for physical simulations. They then designed and built a series of small cellular automata machines (CAM-1 through CAM-6) to demonstrate their points!

The Information Mechanics Group has studied a wide variety of applications of CA with their various machines. Many of these applications are described in their book [18], which is currently the only introductory book on the subject of physical modeling with cellular automata. Although it heavily uses CAM-6 notation to describe the rules, it is still a valuable introduction to the subject in general.

The Information Mechanics Group is now developing a much larger machine, called CAM-8 [7].

14.2 Physical Modeling

14.2.1 CA Quasiparticles

Up to now, most CA applications to physics generally use collections of CA “quasiparticles” for simulation of both statistical ensembles and “continuum” fields.

The simplest example of a CA simulation for a statistical ensemble is a spin lattice, where each site has a spin variable that can take on values “up” or “down”. A variety of multistate spin lattices and Potts models have been studied with CA. Several references can be found in [19].

For simulating “continuum” fields, it is convenient to think of each quasiparticle as representing an imaginary particle whose collective properties are similar to those of the field. Feynman had a very nice way of expressing this:

We have noticed in nature that the behavior of a fluid depends very little on the nature of the individual particles in that fluid. For example, the flow of sand is very similar to the flow of water or the flow of a pile of ball bearings. We have therefore taken advantage of this fact to invent a type of imaginary particle that is especially simple for us to simulate. This particle is a perfect ball bearing that can move at a single speed in one of six directions. The flow of these particles on a large enough scale is very similar to the flow of natural fluids. [20]

The model described by Feynman is known as a lattice gas. Note that any integrable vector field, such as an electrostatic field, or a classical gravity field, can be described in terms of the flow of imaginary particles.

A cellular automaton provides a direct way to implement such a set of simple particles. Figure 14.1 shows a cellular automaton which can be used to implement fluid-like particles that can move in one of four directions, instead of six. In fact, by playing tricks with the rules, a squarelattice automaton can also be used to implement the lattice gas described by Feynman.

By using a particle representation of a “continuous” field, the techniques of statistical physics are applicable, just as particles are used in quantum field representations of electromagnetic fields. For fluid simulations, however, CA quasiparticles are much simpler than the photons that make up an electromagnetic field, which provides an enormous computational simplification. An introduction to the statistical properties of 1D CA is [21].

14.2.2 Physical Properties from CA Simulations

In simulation of statistical ensembles, properties over the whole system are important, such as the number of particles in a particular state, or conservation of a particular type of particle.

A necessary component of a model is that it has certain properties which can be measured and studied, such as mass, velocity, momentum, etc. There are both intrinsic and extrinsic properties of a cellular automaton system.

The latter are very straightforward. Consider mass as an example. In a 2-state CA, the total mass of the system can simply be defined as the number of cells which are in state 1. (Vacuum is then defined as state 0.) In a system with more than 2 values per cell, it may be desirable to determine the mass from particular states. For example, cells with an even value might count toward the total mass, while odd cells might not. In this case, odd values would have another interpretation, such as a quantum of energy.

A next step might be the definition of momentum. Suppose the current rule is one in which particles (non-zero values) propagate in various directions. The momentum of a cell could simply be its mass multiplied by its direction of motion (a unit vector). These vector quantities could be summed over the entire array, thus giving a value for the total momentum of the system. By summing only over particular regions or clusters of active cells, it would be possible to measure the momentum of a particular region or structure in space.

Intrinsic properties such as pressure may also be defined. To use the propagating particle example again, suppose that the model also has fixed walls which deflect the particles. The force at any given instant might be defined as the total number of particles currently adjacent to the wall — either about to collide or just after colliding. The pressure would then be defined as the average number of such particles per unit area.

This leads to an interesting observation about the measurement of certain properties of a cellular automaton: namely, that an averaging technique is often very useful. This technique is used regularly in studies of lattice gas models, which will be described shortly. In some cases, it is only meaningful to speak in terms of local averages. For example, to measure the density of a particular area in a particle model, it wouldn’t be very useful to speak of the density of a single cell, which is either zero or one. Instead, such quantities are measured in a local area, for example an N × N block of cells (where finding the optimum value for N is a problem in itself). Similar techniques are used in kinetic theory, where it is desirable to use a volume that is large enough to contain many particles, but small enough to treat as infinitesimal compared to the size of the system. It is partly for this reason that simulations with enormous numbers of cells are desirable.

14.2.3 Diffusion

A class of CA applications to ensembles is the study of the behavior of a large number of diffusing particles. This is important for simulation of fluid flow, electron scattering in solids, or chemical reactions. In this case, the CA quasiparticle might be thought of as representing an individual molecule of the ensemble, even though this is not achievable in practice. Although the model described below is very simple, it demonstrates a few of the techniques and limitations that often arise in particle-based CA models.

Note that in traditional models of particle systems, a list of structures is maintained, with each structure describing the attribute of a particle, such as position, velocity, etc. In a cellular automaton model, a very different approach is used. Instead of simulating many particles which move around in space, we simulate many regions of space through which particles move. Literally, a particle or a “bit of matter” moves through space by passing a value from one cell to the next. In this sense, each cell is “a piece of space”.

Consider a lattice in which particles move horizontally and vertically, as in Fig. 14.1. All particles move at the same speed. Each cell will be able to hold up to four particles at once. No two particles, however, may be in the same location moving in the same direction (like the Fermi exclusion restriction). Thus, a “full” cell would have one particle moving in each of the four orthogonal directions. We must also be sure that under the update rule, it will not be possible for more than 4 particles to converge upon one cell.

One way to mathematically describe this implementation is to use an array of 4-vectors, where each 4-vector represents a cell. The components of the vector can take on values 0 or 1.

Thus, for example, a state like (0, 1, 0, 0)_{ij} might represent the presence of a particle moving “South” in cell_{ij} , while for the same cell, (1, 0, 0, 0)_{ij} might represent a particle moving “North”. The existence of particles moving “East” and “West” can be represented using the other vector components. Note that state (0, 0, 0, 0)_{kl} represents the absence of any particles, or a vacuum, at cell_{kl}. With the help of this notation, it should be easy to see how this simple lattice gas can be implemented with a 16-state rectangular CA.

For behavior that resembles diffusion to occur, particles must interact with each other in some way, or else the particles would move independently and the model would not be very interesting. Some sort of collision rule is needed to describe what happens when particles meet. If we require that momentum is conserved in all collisions, there is only one possible collision which can alter the paths of particles. Namely, when two particles hit headon, they can both be deflected by 90^ffi; the net momentum before and after is zero.^1 With any other combination of particles, deflecting any of them would require a change in total momentum.

Next, a method of applying or organizing the rule is needed. The

1Note that it is irrelevant whether particles are deflected clockwise or counterclock-

wise, since all particles are identical.

------------------------- Fig. 2 -------------------------

Figure 14.2: The complete HPP update cycle, shown in two parts. First, the collision transformation is applied, and then the propagation rule.

------------------------- Fig. 3 -------------------------

Figure 14.3: a. Two types of particles in the array b. The particles have begun to mix

propagation-collision cycle is a very common and simple technique to accomplish this. Two different rules are applied on alternating time-steps. First, a rule is used in which every particle moves one cell in whichever direction it is going; then, the collision-rule is applied. This changes the direction of motion of some of the particles. By alternating between the two, we get motion and interaction. In fact, these two steps can be combined into a single rule, but it is often useful to think of the two phases separately, which also makes code-development easier. Figure 14.2 illustrates a complete update-cycle.

This model is called the HPP lattice gas, from the initials of those who first extensively studied its properties [22, 23]. Besides its pedagogical utility, the HPP model is of historical importance because it introduced the concept of the propagation-collision update cycle which is a key step in implementing lattice-gases.

Let’s now run an experiment using this rule. We will start with a pattern of uniform density, but color a portion of the particles black, and the rest gray^2 (see figure 14.3-a). After about 50 time-steps, the two types of particles are somewhat mixed, as shown in figure 14.3-b. The number of time steps required to thoroughly mix the particles depends on the size of the system and on how the black particles are distributed. This behavior is very similar to the mixing of two gases with identical dynamics.

Extensions to the basic HPP model address some of it’s deficiencies.

2In order to trace individual particles through collisions, we can simply assume all

head-on collisions rotate particles clockwise, or counter-clockwise, or flip a coin in each case.

One important extension was discovered by Frish, Hasslacher and Pomeau (the FHP model) [24]. They found that by allowing six velocities on a hexagonal lattice, that the resulting lattice gas accurately approximated the behavior of the Navier-Stokes Equation. This derived from the improved set of symmetry properties of rules on this lattice. Later additions of a small number of additional speeds, including particles “at rest” were shown to futher improve the behavior for many types of fluid simulations [26, 27]. The search for minimal extensions to the basic rule continues to be an active area of research.

14.2.4 Sound waves

The HPP model has been modified to model many things besides molecular gas diffusion. One such application is the motion of sound waves.

In section 14.2.3, we discussed systems at equilibrium (the two colors of particles obeyed the same rules, and so the system was always at dynamical equilibrium). Now, we investigate the results of disturbing the equilibrium in one region of the array.

Consider an experiment where we place a solid block of particles in an otherwise empty array, and apply the HPP rule. For a brief time, there will be an interaction between the particles. Shortly thereafter, however, we will see four groups of particles rush out in the four directions of propagation, never to interact again (assuming an infinite lattice). Obviously, the behavior of a dense cluster of particles in a vacuum is very anisotropic.

Now consider a similar experiment, where we again have a solid block of particles, but instead of being placed into an empty array, we place the cluster of particles into an array that has particles randomly distributed at a density of 40%. The presence of these “background” or “noise” particles will cause the mean free path in the system to be very small relative to the size of the array. If we now apply the HPP rule to the new configuration, we get a circular compressional wave propagating outward from the disturbance, as shown in figure 14.4. The behavior is isotropic — by observing the density variation of the wave, it is nearly impossible to determine the orientation of the lattice. Toffoli and Margolus observe that “the overall effect is much like that of a bucket of water dumped into a pond” [18]. Note that, as in a wave on the surface of water, the particles in the array do not travel with the wave; the wave is simply a propagating density variation whose velocity is faster than the random-walk motion of the particles, but slower than the velocity of the individual particles in the system. The random background therefore serves as a medium in which the sound waves may travel.

Other properties of fluids have been studied with lattice gas models as well. In fact, lattice gas methods of hydrodynamics is currently one

------------------------- Fig. 4 -------------------------

Figure 14.4: A circular wave emerges from the dynamics of particles on a square lattice.

of the most actively studied applications of cellular automata, around the world. As mentioned in the introduction, a group at Los Alamos has been very successful with flow simulations through porous media. Many other experimental results and mathematical analyses of CA hydrodynamics have appeared [24, 9, 25, 26].

Other approaches to acoustic wave propagation are described in [28, 29].

14.2.5 Optics

The same HPP model, with minor modifications, has also been used to perform simple experiments with optics, such as reflection and refraction. In fact, in this section the wave phenomena is more similar to sonics than optics since a background gas or “ether” is used, but the description is easier to follow in the language of optics. A different CA approach to optics with a demonstration of interference in a “double-slit experiment”, is described in [30].

Reflection is fairly simple to accomplish by introducing a new type of quasiparticle which doesn’t move, but with which the normal particles interact. Either specular collisions or a reversal of momentum (“no-slip”) can be used. These “wall” particles are considered to have infinite mass. Thus they don’t move during collisions. Reflective surfaces of arbitrary shape (such as a parabolic mirror) made of these special particles can be drawn in the array.

Note that these extra particles can be mathematically described by extending the vector representation discussed previously. Thus, a 5-vector can be used to describe the lattice gas particles and the immobile barrier ( 2^5 = 32 states/cell).

Implementing refraction might seem like a more difficult task, but actually only requires another very simple modification. A way to give different regions different indices of refraction is needed. This means that the “speed of light” should be different in these different regions (i.e. slower in a lens than in a vacuum). This can be accomplished by marking certain sites of the array with a flag. These sites will have the special property that they will only be updated half as often as normal cells. While at first this may seem like a very nonstandard extension, it is possible to implement this as part of the local rule, by sufficiently increasing the number of states per cell. By updating the cells in the lens region half as often, the index of refraction, which is defined as n_2 = c/v_2, should have a value of 2, while the vacuum’s index of refraction n_1 will simply be 1. Note that other update-frequency ratios can be used, giving other relative indices of refraction.

With the addition of these “slow cells”, it is possible to draw lenses of any shape, such as circular or planar lenses. By sending planar “light” waves through these lenses, their properties can be observed and measured. It is possible to construct a planar “light” wave by activating an entire row or column with particles (“photons”). Several adjacent columns can be activated in this way for a stronger signal. As usual, the random background noise will be present in the array.

The result of a planar wave passing from a vacuum into a lens that has an index of refraction of 2 is shown in Figure 14.5. The angles θ_i are the angles between the propagation vectors and the normal to the interface. When these angles are measured from the figure, the empirical index of refraction can be calculated from n_1sin(θ_1) = n_2sin(θ_2). The experiment shown yields n_2 = 1.99 ± 0.07, which is very close to the expected value. Note also that there is a faint reflection from the surface of the lens; this too matches the behavior in a physical system. While at first it seems that there is no reason for a reflection, there is a simple explanation. The HPP rule is reversible; when a wave passes from vacuum into lens, it slows down, thus compressing as it moves into the lens. However, the waves we have been using are so dense that in order to compress, they would have to exceed the maximum possible particle density. Since this cannot happen, and since in a reversible system no information can be lost, there is necessarily a reflection.

The empirical index of refraction corresponds to the predicted value over a wide range of angles whether the planar wave is moving from vacuum into lens or lens into vacuum. However, the measured values begin to deviate as the critical angle^3 is approached. Beyond the critical angle, no wave exits from the lens, which is the correct behavior.

A shortcoming in this model is the following. When a wave passes from lens into vacuum, there is no internal reflection from the surface. The above argument for the necessity of a reflection when moving from vacuum to lens does not apply here, because the wave expands upon exiting the lens, and will not exceed the maximum density. However, by adjusting the

3When the wave is moving inside the lens toward the vacuum, this is the angle at

which the outgoing ray is refracted to 90ffi from the normal to the surface. Thus, the wave travels along the lens surface and the situation is referred to as total internal reflection.

------------------------- Fig. 5 -------------------------

Figure 14.5: A planar wave, originally vertically oriented at the left edge of the array, is reflected and refracted as it moves toward the right. The white area represents a vacuum, the grey area a lens. To improve the clarity of the image, several copies of the system were run. Each copy began with an identical initial wave, but a different random distribution of the background noise. By correlating the different copies of the system, some of the background noise was filtered out in this image, and the clarity of the waves was improved.

boundary conditions between the two media, and making a small extension to the rule, this problem can be overcome as well. If we allow a third medium which has a higher index of refraction than either of the others, and then place an “infinitesimal” (single-cell) layer of this new medium at the interface between lens and vacuum, then our information-loss argument will again apply (since the wave has to compress to pass through the new layer). A lens which has had its surface treated in this way seems to produce results which are correct within the measured precision. Further analysis will determine how successful it really is under different conditions.

14.2.6 Chemical Reactions

In addition to the physical systems discussed in earlier sections, there is also interest in using cellular automata to model the evolution of chemical reactions [31, 32, 33, 34, 35, 19]. We will present one example in some detail below. This is a model of a surface-reaction which exhibits a kinetic phase transition. This system is of interest for its collective (statistical) properties rather its spatial behavior. Thus, this example illustrates the use of CA for simulation in an abstract parameter space.

CO − O2 Surface Reactions

A system that has been studied a great deal is the oxidation of carbon monoxide. This system consists of the following components: (1) adsorption of the reactants on the surface, (2) reaction of the species, (3) desorption of the product. More specifically, O_2 and CO are adsorbed onto the surface, where the reaction CO +O → CO_2 can take place, and the resulting CO_2 is desorbed. In our cellular automaton model, each cell in the two-dimensional array represents a site on the surface of the catalyst. It will be a 3-state CA, the states being (A) empty, (B) O, and (C) CO. The model will be probabilistic. The gas above the surface consists of a CO concentration X_A, and O2 concentration X_B = 1 − X_A. We will ignore the effects of the surface reactions on the composition of the gas, and thus assume that the concentration X_A (and therefore X_B ) is constant.

CA models of this surface-reaction system have been studied by Ziff et al. [31], Dickman [32], and by Droz and Chopard [33]. We will discuss the version described in [33]. A simplified version of their rule is as follows:

• if there are two adjacent empty sites, they will become state B (containing an O atom) with probability 1 − X_A. Upon adsorption, O_2 dissociates into two O atoms residing on adjacent sites.

• An empty site (regardless of its neighbors) will assume state C (a CO molecule) with probability X_A.

• A site in state B will become empty if it has a neighbor in state C, and a cell in state C will become empty if a neighbor is in state B. This represents the reaction of CO with O on adjacent sites, and desorption of the product.

Analysis and experiments were done by Droz and Chopard using a CAM, to study the properties of this model. The results of experimentation indicate that two second-order phase transitions exist near two critical concentrations X_{A1} and X_{A2}. When the concentration of CO exceeds the critical value X_{A1}, the surface will become permanently “poisoned” with CO; a similar poisoning with O occurs when the concentration X_A of CO falls below the threshold X_{A2}. The behavior of the system near these two values exhibits second-order transitions between zero production-rate of CO_2 and non-zero rates. Further analysis indicates that the model corresponds well with mean-field theory analyses. The mean-field-like behavior emerges as a result of the “randomness”^4 of the gases above the surface. This prevents correlations on the surface which might emerge in a model which explicitly simulated the gas above the surface.

14.3 Hardware

A wide variety of machines have been built that can perform CA computations at high speeds. Some of the more widely known past and future

4The probability concentration XA can be implemented either with external hardware

or as a diffusing gas on a CAM.

machines are described below. A good bibliography of machines built by various research groups is included in [36].

• CAM-6 costs under $2000, plugs into an IBM PC or compatible, and updates a 256x256 array of 16-state cells, 60 times per second. For this type of application, CAM-6 is as fast as the Cray-1. The amazing performance/cost ratio makes it clear that special-purpose hardware is desirable for CA simulations. Unfortunately, this product was last produced in early 1989 and there are no current plans to restart production.

A new product, however, called CAM-PC, is based on the CAM- 6 specifications, but includes several enhancements that have been suggested by members of the CAM-6 User’s Group and other CA researchers. It is being developed by a new company with help from the Information Mechanics Group to make CAM available to the research community at a reasonable cost [37].

• CAM-8 is currently being designed at MIT. A single module will have 64 times the storage capacity of CAM-6. More details of the architecture is described in [7].

• RAP2 is currently being designed and built for lattice gas simulations at the National Center for Scientific Research in France. This is described in [4].

• Another lattice gas machine, LGM-1, is under construction at Princeton [5].

• For a mere $10 million, you can get a fully-loaded Connection-Machine 2, with 65,536 processors or a fully-loaded Cray Y-MP which can cost up to three times as much. These machines run cellular automata simulations faster than any other currently available machines.

• A lattice gas machine has been proposed [8] which will run at approximately 10^8 times the speed of a Cray Y-MP, at about 2/3 the cost.

14.4 Current Sources of Literature

Major research institutions around the world support research in cellular automata. For example, the Los Alamos Alamos National Laboratory, IBM Research, the French National Center for Scientific Research and the

Trieste International School for Advanced Studies, in addition to science and engineering departments in major universities around the world.

CA research is published in diverse places. Several regular sources of current information are:

• Complex Systems — This journal is edited by S. Wolfram who has made many contributions to CA science. CA articles appear here regularly.

• Physica D — CA articles are frequently published in this journal.

Physica 10-D contained the proceedings of the 1986 CA conference. The proceedings from the 1989 CA conference will be published in an upcoming volume of this journal.

• Scientific American — A.K. Dewdney’s “Computer Recreations” column has featured CA many times (see [38] for three recent articles). Martin Gardner’s “Mathematical Games” column, an ancestor of Dewdney’s column, was where the game of Life was first introduced to the mass public.

• Algorithm – A.K. Dewdney has started this new computer magazine.

It is expected to be a source of CA-related articles in the future.

• Various introductory articles have appeared in Byte and other personal computing magazines (e.g. [39, 40]).

14.5 An Outstanding Problem in CA Simulations

Many fields of research have difficult problems whose solution opens or closes many avenues of investigation and application. The field of cellular automata is still relatively young and there are many such problems. While most of the CA applications research focuses on gases and incompressible fluids, one of the outstanding problems in cellular automata research is the representation of solid elastic bodies. This requires that many “particles” move in a correlated way. A solution to this problem has been described for one-dimensional objects [41] and it has been implemented on a CAM [42]. A general rule which allows a representation of arbitrarily shaped two- and three-dimensional bodies is desired. This would enable complex simulations that combine objects having different length scales. For example, it may be desirable to simulate the deformation of an elastic tube in a fluid stream, or the buckling of a support under a high pressure gas. By treating both solid bodies and particles or fluids on the same footing, some very complex transformations within the simulation are possible, such as a volcanic explosion which scatters a large fractal structure into small solids that fly and spin through space.

The solid body problem is a correlation problem. A solution to this problem may also have an impact on the simulation of other systems with can be described in terms of correlations of massive numbers of particles, such as superfluids and the electronic structures in metals and semiconductors [43]. There are other representation problems that need to be addressed, but in the authors’ view, a solution to the “solid body” problem would provide tremendous rewards.

14.6 Exercises

Note: Many of the following exercises are for cellular automata on a square lattice. In order to facilitate a discussion of the rules, the following nomenclature, which is identical to that of [18], is introduced. For 2-state automata, the value of the state of a cell is referred to as CENTER. The values of the states of the nearest neighboring cells are called NORTH, SOUTH, EAST and WEST. The values of the states of the second nearest neighboring cells are called NORTHEAST, SOUTHEAST, SOUTHWEST and NORTHWEST.

Most of the rules here make use of the “MOORE” neighborhood which uses the values CENTER, NORTH, SOUTH, EAST, WEST, NORTH- EAST, SOUTHEAST, NORTHWEST and SOUTHWEST.

1. How would you extend the representation discussed in section 14.2.3 to describe the lattice gas on an hexagonal array?

2. Write a rule to simulate a self-diffusing gas on a hexagonal lattice.

Assume that momentum is conserved. Is more than one rule possible?

3. Write a rule to simulate 3 diffusing gases on a square lattice. Assume that momentum is conserved and that all particles have the same mass. Is more than one rule possible?

4. Consider the following rule on a square lattice of 2-state automata:

For a given cell, compute the sum of the values in its MOORE neighborhood. If this number is greater than 4, set the cell state to 1, otherwise set the cell state to 0. This is known as a voting rule. Given a random initial condition, what happens to the pattern over many time steps?

5. Describe what happens when 2 sound waves collide in the HPP model.

6. How would you extend the mathematical representation of the HPP model to handle both reflecting and refracting materials?

7. Consider the following rule on a square lattice of 2-state automata.

For a given cell, examine NORTH and SOUTH. If SOUTH is 0, set the state of the cell to NORTH. If SOUTH is 1, don’t change the state of the cell. What does this rule do to an initial condition consisting of a row of 6 consecutive cells in state 1 if all the other cells are in state 0?

8. Describe how to setup a cellular automata simulation of an equilibrium reaction between a diatomic molecule and its atomic constituents. Assume that the atomic species freely diffuse and that two atoms form a diatomic molecule whenever they are in adjacent cells. Also assume that there is a catalyst at a finite number of locations which decomposes the molecule into atoms. Also conserve the total number of atoms.

9. Compute the mean free path as a function of density for the selfdiffusion model on both square and hexagonal lattices.

10. Write a rule on a square lattice that computes the instantaneous force on a movable wall.

11. Describe how to implement the correlated motion of three particles arranged in a row on a 2-D square lattice (hint: use a short period sequence of rules)

12. Describe how to implement the correlated motion of an elastic body of arbitrary shape on a 2-D lattice. How would you handle a collision between two such bodies?

13. In a 2-D system in which each cell has an integer value between 0 and 255 (8-bit cells), consider the following rule: add the values of the center cell and its eight neighbors, and divide by nine. In other words, each cell’s new value will be the average value in its current neighborhood. This has been used to model heat flow (see [44], for example). Why do you think this model works? (a) What will happen if we start with random initial configurations, and let the system run for a very long period of time? Will the system ever become stable or periodic? If so, what is the physical analogy of the stable configuration? (b) When finding the average value of the local neighborhood, some method of truncation or rounding must be used. What effect will different methods have on the dynamics of the system? (c) How can the system be generalized, i.e. what simple change could we make to introduce one or more parameters with physical meaning?

Bibliography

[1] R. Feynman, “Simulating Physics with Computers,” Int. J. Theor.

Phys., 21 (1982) 219.

[2] R. Guerrieri and A. Neureuther, “Simulation of Microcrack Effects in Dissolution of Positive Resist Exposed by X-Ray Lithography,” IEEE Trans. on Computer-Aided Design, 7 (1988) 755.

[3] T. Toffoli, “CAM: A High-Performance Cellular Automaton Machine,” Physica, 10D (1984) 195.

[4] A. Clouquer and D. d’Humieres, “R.A.P., A Family of Cellular Automaton Machines for Fluid Dynamics”, Helvetica Physica Acta, 62 (1989), 525.

[5] S. D. Kugelmass and K. Steiglitz, “Design and construction of LGM-1:

A Lattice Gas Machine with Linear Speedup,” Proc. of the 22nd annual conference on information sciences & systems, Princeton University, March 16-18, 1988.

[6] H. J. Herrman, “Special Purpose Computers in Statistical Physics”, Physica, 140A (1986) 421.

[7] N. Margolus and T. Toffoli, “Cellular Automata Machines”, Large Nonlinear Systems, G. Doolen, Ed., 1989.

[8] A. Despain, C. Max, G. Doolen, B. Hasslacher, “Prospects for a lattice gas computer”, Lattice Gas Methods for Partial Differential Equations, SFI SISOC, Eds. Doolen et al., (Addison-Wesley, MA 1989).

[9] N. Margolus, T. Toffoli and G. Vichniac, “Cellular Automata Supercomputers for Fluid-Dynamics Processing”, Phys. Rev. Lett. 56 (1986) 1964.

[10] G. Doolen, “What can we hope for Cellular Automata.” To be published.

[11] Berlekamp, Conway, and Guy, Winning Ways for your Mathematical Plays, Vol. 2, (Academic Press, 1982).

[12] W. Poundstone, The Recursive Universe, (Contemporary Books, Inc., 1985).

[13] M. Gardner, “Mathematical Games,” Scientific American; October 1970; February, March, April, 1971; January, 1972.

[14] Stephen Wolfram, editor, Theory and Applications of Cellular Automata, (World Scientific Publishing Co, 1986).

[15] C. Langton, “Studying Artificial Life with Cellular Automata”, Physica, 22D (1986) 120.

[16] C. Langton, “Computation at the Edge of Chaos: Phase Transitions and Emergent Computation”, to appear in Physica, D (1990).

[17] C. Langton and W. Wootters, “Is There a Sharp Phase Transition for Deterministic Cellular Automata?”, submitted to Physica, D (1990).

[18] T. Toffoli and N. Margolus, Cellular Automata Machines: A New Environment for Modeling, (MIT Press, 1987).

[19] M. Droz and B. Chopard, “Cellular Automata Approach to Physical Modeling”, Physica, 10D (1984) 195.

[20] W.D. Hillis, “Richard Feynman and the Connection Machine,” Physics Today, Feb 1989, pg. 78.

[21] S. Wolfram, “Statistical Mechanics of Cellular Automata”, Rev. Mod.

Phys., 55 (1983) 601.

[22] J. Hardy, Y. Pomeau, and O. de Pazzis, “Time Evolution of a Two- Dimensional Model System. I. Invariant states and time correlation functions”, J. Math. Phys. 14 (1973).

[23] J. Hardy, O. de Pazzis, Y. Pomeau, “Molecular dynamics of a Classical Lattice Gas: Transport Properties and Time Correlation Functions,” Physical Review A, 13 (1976) 1949.

[24] U. Frisch, B. Hasslacher and Y. Pomeau, “Lattice Gas Automata for the Navier-Stokes Equation”, Phys. Rev. Lett. 56 (1986) 1505.

[25] S. Wolfram, Cellular Automaton Fluids 1: Basic Theory”, J. Stat.

Phys., 45 (1986) 471.

[26] K. Diemer, K. Hunt, S. Chen, T. Shimomura and G. Doolen, “Density and Velocity Dependence of Reynolds Numbers for Several Lattice Gas Models”, Lattice Gas Methods for Partial Differential Equations, SFI SISOC, Eds. Doolen et al., (Addison-Wesley, MA 1989).

[27] Shiyi Chen, Hudong Chen, and Gary Doolen, “How the Lattice Gas Model for the Navier-Stokes Equation Improves When a New Speed is Added”, Complex Systems 3 (1989) 243-251.

[28] J.-I. Huang, Y.-H. Chu, C.-S. Yin, “Lattice-Gas Automata for Modeling Acoustic Wave Propagation in Inhomogeneous Media”, Geoph. Res. Lett. 15 (1988) 1239.

[29] H. Chen, S. Chen, G. D. Doolen, “Sound Wave Propagation in FHP Lattice Gas Automata”, To be published in Physics Letters, (1989).

[30] H. Chen, S. Chen, G. Doolen, and Y.C. Lee, “Simple Lattice Gas Models for Waves”, Complex Systems, 2 (1988), 259.

[31] R. Ziff, E. Gulari, and Y. Barshad, “Kinetic Phase Transitions in an Irreversible Surface-Reaction Model”, Physical Review Letters, 56 (1986), no. 24, pp. 2553-2556.

[32] R. Dickman, “Kinetic Phase Transitions in a Surface-Reaction Model:

Mean-Field Theory”, Physical Review A, 34 (1986), no. 5, pp. 4246- 4250.

[33] B. Chopard and M. Droz, “Cellular Automata Approach to Non- Equilibrium Phase Transitions in a Surface Reaction Model: Static and Dynamic Properties”, J. Phys. A: Math. Gen, 21 (1988), pp. 205-211.

[34] B. Madore and W. Freedman, “Computer Simulations of the Belousov- Zhabotinsky Reaction”, Science, 222 1983 615.

[35] M. Droz and B. Chopard, “Cellular Automata Approach to Physical Problems”, Helvetica Physica Acta, 61 (1988) 801.

[36] D. d’Humieres, “Bibliography on Lattice Gases and Related Topics,” to appear in proceedings of Cellular Automata and Modeling of Complex Physics Systems, February 21 - March 1, 1989, Les Houches, France.

[37] CAM-PC will be available in 1990 from Automatrix, Inc., P.O. Box 196, Rexford, NY 12148, USA.

[38] A.K. Dewdney, “Computer Recreations,” Scientific American; August 1988; August, September 1989.

[39] K. Perry, “Abstract Mathematical Art,” Byte, vol. 11, no. 13 (December 1986).

[40] P. Wayner, “Modeling Chaos,” Byte, vol. 13, no. 5 (May 1988).

[41] B. Chopard, “A Cellular Automata Model of Large Scale Moving Objects”, To be published.

[42] N. Margolus has programmed this for CAM-6 in a software file called “glider1.exp”. This file is available from N. Margolus and the authors.

[43] R. P. Messmer, R. C. Tatar and C. L. Briant, “Valence Bond Theory in Metals and Alloys”, Chapter in Alloying , J. Walters, ed., (ASM International, Ohio, 1988).

[44] N. Packard, “Lattice Models for Solidification and Aggregation,” Theory and Applications of Cellular Automata, S. Wolfram, ed., (World Scientific Publishing Co, 1986).